PACS 98.80.Bp,98.80.Es,98.80.Jk,95.30.Sf It has generally been thought that in perturbed Friedmann-Lemaître-Robertson-Walker models of the Universe, global topology should not have any feedback effects on dynamics. However, a weak-field limit heuristical argument, assuming a finite particle horizon for the transmission of gravitational signals, shows that a residual acceleration effect can occur. The nature of this effect differs algebraically between different constant curvature 3-manifolds. This potentially provides a selection mechanism for the 3-manifold of comoving space.
Residual gravity
However, it was shown heuristically in ref [22] that in a multiply-connected universe containing a density perturbation, the effects of the distant copies of the perturbation in the covering space are not exactly symmetrical on a massless test particle, leading to a non-zero residual acceleration effect. Consider Fig. 3 in ref [22] . In a flat, multiply-connected model of comoving in-diameter L, the perturbation is modelled as a point-sized massive object, and the gravitational pull on a massless test particle at a small distance x is estimated in the weak-field limit, i.e. Newtonian gravity within a finite particle horizon is used. In the covering space R 3 along a given holonomy transformation axis, one of the two adjacent copies (at L − x and L+x) of the massive object is slightly closer to the test particle than the other. Hence, at the position of the massless test particle, after removing the gravitational pull towards the "original" copy of the massive object at distance x, there is a residual gravitational force that pulls the massless test particle towards the slightly closer of the two topological images of the "original" massive object.
1 A Taylor expansion in x/L shows that the residual acceleration is dominated by the first-order term
where G is the gravitational constant and m is the mass of the massive object. This example does not constitute a full relativistic calculation, but it is difficult to see how the effect could be avoided in a perturbed FLRW model, or in an hypothetical exact solution for an almost FLRW model. A universe which is small and homogeneous except for one positive density fluctuation is seen by an observer to be slightly anisotropic unless the observer is located at the centre of the fluctuation, which can be assumed to be spherically symmetric. This anisotropy concerns the gravitational potential seen from different directions, as it is transmitted to the observer by gravitational waves. It is difficult to avoid the conclusion that the dynamics of a perturbed FLRW model can be affected by global topology, even if the effect at the present epoch is likely to be small.
Stabilisation towards equal fundamental lengths
In a right-angled 3-torus model, i.e. T 3 ≡ R 3 /Z 3 where the fundamental domain is a rectangular prism, if the three side-lengths of the prism L i are very unequal to one another, then the L −3 i factor will cause the shortest length to induce the strongest residual acceleration. As suggested in Sect. 3.2.3 of [22] , this may cause the shorter length of the fundamental domain to expand faster than the other two directions, tending towards equality of the three side-lengths. The effects would equalise when the side-lengths equalise. If the model initially has an isotropic scale factor, then it will become anisotropic in the sense that the scale factors in different directions will become slightly unequal, and will remain so until equal side-lengths are obtained.
T
3 is both well-proportioned and well-balanced However, at the equilibrium state of equal side-lengths of a T 3 model, there residual acceleration is different to that given in Eq. (1). As shown algebraically and numerically in Sect. 3.1 of ref [26] , the residual accelerations induced by a massive object in an exactly regular T 3 model cancel down to the third order in ǫ x , ǫ y , ǫ z , the distances to the test particle as fractions of the respective fundamental lengths. Hence, not only is a regular T 3 model an equilibrium state in the sense that the residual accelerations in the three directions will tend to equalise, but the residual acceleration as a vector (T 3 is a flat space) will also drop sharply in amplitude as this equalisation is approached.
Spaces that have approximately equal fundamental lengths have been termed "well-proportioned" [33] . It is now clear that (regular) T 3 is not only well-proportioned: it is also well-balanced.
Well-proportioned spherical FLRW models with a perturbation
Well-proportioned spherical FLRW models also exist. While well-proportionality might seem to be a subjective, aesthetic criterion for a preferred model of the Universe, the lack of structure on scales above ∼ 10h −1 Gpc in the Wilkinson Microwave Anisotropy Probe (WMAP) sky maps, predicted as a sign of cosmic topology based on the low-resolution COBE maps [30, 31] , is best explained by a well-proportioned model [33] . Among these, the Poincaré dodecahedral space model, S 3 /I * , has become a particularly good (though disputed) candidate [28, 16, 25, 1, 2, 10, 11, 18, 4, 14, 24, 23] .
Are the well-proportioned spherical spaces, S 3 /T * , S 3 /O * , and S 3 /I * , also well-balanced in the sense of the residual gravity effect? As shown by Grassmann [8] over a century and a half ago, R 4 exists as a self-consistent mathematical object-a four-dimensional vector space-and on a modern computer, calculations in R 4 require only a minor change in computer code compared to those in R 3 . By embedding S 3 in R 4 , both algebraic and numerical calculations of the dominant terms of the residual gravity effect are rendered tractable for these spaces, as presented in ref [26] .
The result is that all three of these spaces are indeed well-balanced. The linear term in the Taylor expansion of the residual gravity effect cancels in all three cases. However, the Poincaré space S 3 /I * , the space that has been selected by empirical arguments, is even better balanced than the other spaces. Not only does the linear term cancel, but the third-order term also cancels, leaving an expression dominated by the fifth order. This fifth-order term can be written as a vector in R 
where the massive particle is at (0, 0, 0, 1), the curvature radius is R C , the nearby test particle is at p := [sin(r/R C )x, sin(r/R C )y, sin(r/R C )z, cos(r/R C )], x 2 + y 2 + z 2 = 1, and the time component is not represented geometrically (cf. Eq. (21), [26] ). The spatial direction of the residual acceleration in Eq. (2) appears to be tangent to the observer at (0, 0, 0, 1), but this is only because terms higher than fifth order have been dropped. The dominant term in the w direction is a sixth-order term. Including this term shows that the residual acceleration is indeed in the tangent 3-plane to the 3-sphere at p, and not in the tangent 3-plane to the observer.
Thus, regular T 3 , octahedral space S 3 /T * , and truncated cube space S 3 /O * all have residual gravity effects sufficiently balanced that they are dominated by the third-order term, while the Poincaré space is even better balanced, with the fifth-order term dominating. Hence, not only does the residual gravity effect show that global topology can effect the dynamics of a perturbed FLRW universe, but the strength of the effect differs between different spatial sections, and one space has an effect that cancels even more perfectly than in the other spaces: some spaces are more equal than others [19] .
Conjecture: did residual gravity select the Poincaré space?
The residual gravity effect provides a simple mechanism by which the global topology of the comoving spatial section of the Universe can have a feedback effect on the dynamics of how the Universe itself Copyright line will be provided by the publisher expands. While only very elementary calculations have been performed so far, the initial results are tantalising. Not only does the effect seem to be a stabilising effect towards equal side-lengths in a T 3 model, but it also seems that the effect selects out the space that is preferred empirically by several groups based on the WMAP data-the Poincaré dodecahedral space, S 3 /I * -as being better balanced than other spaces. Could this effect have provided a selection criterion during the quantum epoch of the Universe?
